In the literature, there exist many variations of machining economics problem in terms of modelling approaches and solution methodologies. However most of the existing studies focus on the single machining operation which is seldom in practice. On the other hand, tool management approaches at the system level fail to relate the tooling issues to the machining conditions, and ignore the tool availability and tool wear restrictions. A new solution methodology is developed to determine the optimum machining conditions and tool allocation simultaneously to minimize the production cost of a multiple operation case where there can be alternative tools for each operation. As a result, we can both improve the solution by exploiting the interaction between these two decisions, and also prevent any infeasibility that might occur for the tool allocation problem due to tool contention among the operations for a limited number of tool types by considering the tool availability and tool life limitations.
Introduction
In view of the high investment and operating costs of CNC machines and hence of flexible manufacturing systems (FMSs), attention should be paid to their effective utilization. However, the flexibility and the complex nature of such systems result in also more complex planning and control problems, which usually require a nonlinear mixed-integer programming (MIP) or 0-1 integer programming (IP) formulations resisting to exact solutions [12] . In the literature, the planning and control problems of FMSs are considered as a constraint in the formulation. Kouvelis and Lee [10] present an alternative IP formulation of the FMS loading problem by utilizing a block angular structure to avoid nonlinearity of the constraints.
Gray et al. [6] give an extensive survey on the tool management issues of automated manufacturing systems, and also emphasize that the lack of tooling considerations has resulted in poor performance of these systems. For solving the tool allocation problem at the system level, most of the published studies use 0-1 binary variables to represent tool requirements, and assume constant processing times and tool lives as a priori information by ignoring their interaction with the machining conditions selection and the tool availability restrictions. Therefore, they cannot consider the actual tool wear and the corresponding tool life limitations, hence the resulting tool replacement needs and their impact on the total cost. Furthermore, these studies determine the tool requirements for each operation independently, and fail to consider the contention among the operations for a limited number of tools. Consequently, their solution could lead to either infeasible or inferior results.
At the equipment level, there exist several studies paying attention to tooling issues like the tool selection, tool magazine loading and the minimization of tool switches due to a change in a part mix, at both the long term planning and operational level [1, 3, 9, 14] . Unfortunately, these studies also assume constant processing times and tool lives, even though the tool wear, consequently the tool replacement frequency, is directly related with the machining conditions selection. Further, in the multiple operation case, non-machining time components, such as the tool replacements, can have a significant impact on the total cost of production because of the relatively short tool lives of many turning tools as stated by Gray et al. [6] . In the same study, they reported that tools are changed ten times more often due to tool wear than due to part mix.
The machining conditions optimization for a single operation is a well known problem, where the decision variables are the cutting speed and feed rate. Several models and solution methodologies have been developed in the literature [4, 7] . However, these models only consider the contribution of machining time and tooling cost to the total cost of operation, and they usually ignore the contribution of non-machining time components to the operating cost, which could be very significant for the multiple operation case. Further, the existing studies exclude the tooling issues such as the tool availability and the tool life capacity limitations. As a result, their results can lead to infeasibility due to tool contention among the operations for a limited number of tool types. We propose a new solution methodology to make tool allocation and machining conditions selection decisions simultaneously by considering the related tooling considerations of tool wear, tool availability, and tool replacing and loading times, since they affect both the machining and the non-machining time components, hence the total cost of production.
Problem definition
The aim of this research is to determine the optimum machining conditions and tool allocation to manufacture a batch of parts by a CNC machine on a minimum cost basis. The following assumptions are made to define the scope of this study:
• Each machining operation has a set of candidate tools from a variety of available tool types with limited quantities on hand.
• For the machining operations, the cutting speed and the feed rate will be taken as the decision variables, and the depth of cut is assumed to be given as an input. • For every tool, the remaining tool life prior to the tool replacement is taken into consideration as a tool waste cost.
• Since the tool changing events during an operation might adversely affect the surface finish requirements, each machining operation is assumed to be completed by a single tool type, even though alternative tools are consideredfor each operation.
• The tool magazine arrangement problem; in conjunction with the tool sharing and operation sequencing decisions, is preceded by the proposed tool allocation and machining conditions optimization problem. The machining time expression for a turning operation, t,n,j, is given below [8] . A list of notations used throughout the paper is provided in Appendix A.
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The relationship between the tool life and the machining conditions is expressed by using the following extended form of Taylor's tool life equation:
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By combining Eqs. (1) and (2) It is also possible to derive similar expressions for the other machining operations.
All time consuming events except the actual cutting operation are called non-machining time components. Even though there might be many distinct non-machining time components such as tool tuning, workpiece loading/unloading, etc., we only consider tool replacing times, try, and loading times, t/j, since they are the only ones that can be expressed as a function of both machining conditions and alternative operation-tool pairs.
A general mathematical formulation of the problem is stated below, where the total cost of manufacturing for a particular batch is expressed as the sum of operating cost due to machining time and nonmachining time components, the tooling cost, and tool waste cost, respectively. The objective function is a function of machining conditions selection decisions, v u and f~i, and tool allocation decisions, xij and nij. In this nonlinear MIP formulation, there exist three types of constraints, namely, operational, tool related and machining operation constraints. The first set of constraints represents the operational constraints which ensure that each operation is assigned to a single tool type of its candidate tools set. The tool availability and tool life coveting constraints are the tool related constraints which guarantee that the solution will not exceed the available quantity on hand and the available tool life capacity for any tool type, respectively. Finally, last two set of constraints represent the usual machining operation constraints. The surface roughness presents the quality requirement on the operation and the machine power constraint provides to operate machine tool without being subject to any damage.
We will now discuss the complexity of solving the tool allocation and machining conditions optimization problem, call it ~, formulated above. Consider a special case of the general formulation in which the number of tools required by each operation, n u, are already found by solving a single-machining optimization problem for each candidate tool. So we define a new problem oqi", called a feasible tool allocation problem, by relaxing the machining operation constraints. Consequently, assigning the set of operations I into tool types of their candidate tool set, Ji, where each tool type has a limited quantity on hand, amounts to packing the set of operations I into the minimum number of bins, where each bin has a capacity tj. Therefore, this bin packing problem is a special case of the original problem .gL Garey and Johnson [5] showed that the bin packing problem is Ar~-complete by using a transformation from the PARTITION problem. Hence, we can conclude that the tool allocation and machining conditions optimization problem is JV.~-complete, since the transformation function from problem ..~ to ~' is of polynomial complexity as shown in the next section.
Single machining operation problem
In order to solve the tool allocation and machining conditions optimization problems simultaneously, we can devise a two-stage decision scheme by using the classical single machining operation problem (SMOP) as a key. In the SMOP, the objective function, Cmi; subject to the machining operation constraints, can be expressed as follows: Now, by substituting the Eqs. (1) and (3), and rearranging the terms, the following standard mathematical formulation of geometric programming (GP) can be written for the SMOP [2] for every possible operation and tool pair:
where,
In the above formulation, the first constraint is the tool life constraint, and the others are machine power and surface roughness constraints, respectively. The associated GP-Dual problem for the above single machining optimization formulation is given below. Even the objective function for the dual problem is still a nonlinear one, the constraints of the dual formulation are well-defined linear equations. 
The dual problem can be solved by using the complementary slackness conditions between dual variables and primal constraints, which are given below, in addition to constraints of both the primal and dual problems.
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Each of the constraints of primal problem can be either loose or tight at the optimality. Therefore, the principle to solve this dual problem is checking every possibility for the constraints of primal problem and solving the corresponding dual. If a dual feasible solution exists then the corresponding primal solution can be evaluated in terms of its decision variables, and consequently the primal feasibility of the solution will be checked. At the optimality, the corresponding solution should be feasible in both the dual and primal problems, and the objective function value for both problems should be the same. Since we have three constraints in the primal problem, there exist eight different cases for the dual problem, but only six of them are feasible as stated below. Theorem 1. In the constrained SMOP, at least one of the surface roughness or machine power constraints must be tight at the optimal solution.
Proof. There exist only two cases where both constraints can be loose at the optimality. If the tool life covering constraint is tight only, then the dual variables Y4 and Ys, which correspond to the machine power and surface roughness constraints, respectively, are both equal to zero. Therefore, they can be eliminated from the set of linear equations in the dual problem. We also know that the inequality of, aj > flj, Tj > 1, always holds for extended Taylor's tool life expression, Tq, as shown by Gorczyca [8] .
Since aj #/3j, the solution for this case is YI = 0, Y2 = 1 and Y3 = -1. Therefore, this case is infeasible since Y3 < 0. As a conclusion, the tool life covering constraint cannot be tight just itself. For the second case, if all the constraints are loose, then the dual variables Y3, Y4 and Y5 are equal to zero. This system is infeasible since aj and /3j cannot be equal to each other, which makes the system of equality inconsistent. Therefore,: the occurrence of such a case in constrained SMOP is also impossible. The remaining cases include one of the mentioned constraints rq.
The exact solution for the extended version of SMOP can be found by solving each of the aforementioned six cases at the worst case. Lets look at the two of the remaining six cases to show how we derived closed form expressions for primal and dual variables. If only the surface roughness constraint is tight then Y5 should be nonnegative because of the dual feasibility constraints. Furthermore, the tool life covering and the machine power constraints are loose; so the corresponding dual variables Y3 and Y4 are both equal to zero due to the complementary slackness conditions. Therefore, the constraints of GP-dual problem are reduced to the following system:
The solution for this system can be stated explicitly as follows:
h>0.
The following conditions should be satisfied to verify dual feasibility of the solution:
Y5_>0.
When both surface roughness and tool life covering constraints are tight, Y3 and Y5 should be nonnegative, whereas Y4 is equal to zero. Therefore, the following system can be written by using the complementary slackness conditions:
By taking logarithmic transform, above system turns to a system of linear equations with two equations and two unknowns, which is solved for vij and f,.j, as follows:
After finding Uij , f/j and corresponding C,%, dual variables Y1 and 1:2 can be calculated as they give the weight of each term in the primal objective function:
If the solution is dual feasible in terms of Yl and 1:2, i.e. 0 _< Y~, Y2-< 1, then the following system is solved for Y3 and I:5:
The overall solution for this case is dual feasible if Y3, 1:5 >-0. Therefore, we can find the exact solution very quickly as shown in Section 6 on a numerical example, since the explicit analytic expressions of the solution in each case are derived due to the proposed decomposition procedure. As a result, the proposed approach finds the optimum machining 
Proposed heuristic method
The following heuristic is proposed to reduce the initial candidate tool set to a single tool for every operation by considering the tool availability constraint, and to determine the machining conditions for every selected tool and operation pair.
Step 1. Step 2. In the multiple operation case, a lower cost measure can be obtained while increasing the cost of SMOP, C .... due to a possible decrease in tool waste and tool '~'eplacement costs. Therefore, for every operation (i, j), the alternative setting having the minimum cost measure must be searched among the possible Pu and n u pairs. The following cost measure is proposed to rank a set of alternative tools for a particular operation in terms of their desirability for this operation.
Cij = NeCmu + Co[ ( niy -lltrj + ttj]
+ C,~t NJPul (1 -pijUij), (5) where the first term projects the cost of SMOP over the batch, while the second and third terms account for operating costs due to the non-machining time components and the tool waste cost, respectively. In this cost measure, if the tool life constraint is inactive, then an increase in the total machining cost can be justified by a decrease in the tool waste cost. Therefore, if the tool life constraint is inactive at the optimal solution of SMOP, we search among the PU values corresponding to the initial n;j value found in the first step and pick the Pij value that gives the minimum cost measure.
Step 3. In the multiple operation case, the solution of the SMOP may not correspond to the global minimum of proposed cost measure as stated above. Therefore the initial nij value is decreased to the next alternative n',.j setting, which corresponds to a different P'ij and Ui': pair, and the cost measure is evaluated for the new parameters. The proposed cost measure is a convex function of the integer n u values, provided that:
The convexity of the proposed cost measure has been proven in Theorem 2 given in Appendix B. This theorem implies that if an increase in the cost measure is found then we stop and the previous solution corresponds to the global minimum of the proposed cost measure.
Step 4. Create a primal tools set, Jp, such that Jp = {jl Yij = 1 and arg minj~ sCu for every I ~ I}.
For every j ~ Jp, define the corresponding set of operation assignments, Ij, such that Ij = {il Yu = 1 and arg minie tCij, for every j E Jp}.
Step 5. For the operations having only a single candidate tool, allocate the candidate tool j to operation i, such that x,.j = 1. If nij = tj then remove the tool j from the available tools set, J, and J?. Otherwise, reduce the available number of tools, tj, for further allocations. Update sets i and J.
Step 6. For every j E Jp, calculate the total tool requirement, R~ = Y'..e , n.~ If R; < tj, allocate tool j l lj t~" _ ~ --j for V i Elj, and update I, J, and tj. Otherwise, calculate the deficit tool amount, ~j = Rj-tj, and the perturbation ratio, pj = ~JRj.
Step 7. Since the tool availability constraint is violated for the deficit tools, a reduction in their tool requirements is needed, and in this case, the alternative tools should also be considered because a possible increase in the cost of SMOP due to a reduction of tool usage might justify the use of them. Starting from the most critical tool j, or equivalently with the largest perturbation ratio, for every operation i ~ Ij. C~, corresponds to the cost measure for alternative tool f and /xy is the opportunity cost of using an alternative deficit tool, which is equal
to /z l=ma k~l:{Cky--ky} for the deficit tools, and zero other~vise.
Step 8. Solve the following 0 ± 1 IP to find the best perturbation combination that satisfies the related tool availability constraints with a minimum total cost increment, A j, where z~ is a 0-1 binary variable which is equal to 1 if the ~rth perturbation is selected for operation i ~ Ij. 
~., ~ zi~ ~ < tf for every f ~ l U Ji}/j. i~lj wesij ~
In the above model, the first constraint ensures that a single perturbation will be selected for each operation, and the second constraint represents that the tool usage equals tot he available quantity. Third constraint identifies the set of alternative tools for each operation and guarantees that tool availability constraint for these alternative tools will be satisfied tOO.
Step 9. According to the solution of the above model, update sets I and J, and reduce the available number of tools for every allocated t0ol type. Remove the tool j from the sets J and Jp. If the set Jp is nonempty then continue with the next tool having the largest perturbation ratio, go to Step 7. Otherwise stop.
Exact approach
We now derive a lower bound for the tool allocation and machining conditions optimization problem by relaxing the set of tool availability constraints, which can be called coupling constraints. In this resource directed decomposition procedure, we first find the optimum machining conditions for every possible operation-tool pair, and select the tool that gives the minimum cost measure as outlined below. These steps are similar to the first four steps of the proposed heuristic method described in the previous section.
Step 1. Step 2. Evaluate the proposed cost measure defined in Eq. (5).
Step 3. For every operation, find the global minimum of the proposed cost measure for each candidate tool.
Step 4. Determine sets Jp and ly.
Step 5. Lower bound is equal to, LB =
)-~'j~ Jp~i~ ljfij •
After deciding on a lower bound on the minimum cost value, the following enumerative approach is proposed to solve the general formulation described in Section 2 optimally.
Step 1. For every possible operation (i, j), solve SMOP to determine n;j.
Step 2. Resolve SMOP for the requirement level, k ~ {1, 2 ..... nJ, of every operation (i, j) to find pkq, Ui~, and the corresponding C k "nlij °
Step 3. Evaluate the following cost measure for every operation-tool pair (i, j) at the tool requirement level k.
Step 4. Solve the following IP to find the best allocation for every operation that satisfies the tool availability constraints: where x/~j is a 0-1 binary decision variable which is equal to 1 if the machining of volume i is assigned to tool j at the tool requirement level of k tools. In this formulation, the first constraint ensures that a single allocation will be selected for each operation. The second constraint guarantees that total number of tool allocations will not exceed the tool availability constraints.
A numerical example
In this section, an example part is studied which has twelve prespecified machinable volumes with the geometrical data and the required surface qualities given in Table 1 . The geometric description of the part is also illustrated in Fig. 1 In the first two steps of the algorithm, the best machining conditions for every possible operationtool pair is determined for different nij values. In Table 4 , this procedure is illustrated for the Volume-11 and Tool-6 pair, i.e. operation (11, 6) , as an example.
In the multiple operation case, the optimal solution of the SMOP may not correspond to the minimum of proposed cost measure as illustrated in Fig.  2 for the operation (12, 1), and also in Table 4 for the operation (11, 6) . We found a better solution by decreasing the number of tool requirements, which slightly increased the cost of SMOP but decreased the overall cost measure for the multiple operation case. Furthermore, we can easily conjecture that the proposed cost measure, Cij, is more effective than the SMOP approaches, which do not consider the non-machining time components and the tool waste cost.
In
Step 4, the following sets are formed by using the best machining operation conditions for every possible pair: 13 = {1, 2, 4, 5, 6, 8, 9, 10}, 15 = {3}, 16 = {7, 11, 12} and Jp = {3, 5, 6}. Therefore, a lower bound on the minimum cost value is equal to 119.84. Since there is no operation having a single candidate tool, we skip Step 5. In Step 6, we determine the From the above values, Tool-6 is found as the most scarce resource. Therefore, we first allocate Tool-6, then continue with the Tool-3. For this purpose, all possible perturbations of the Tool-6 for its Table 4 Finding the minimum cost measure for operation (11, 6) Ns= 30 parts, Co= $0.5/min, andHPma x = 5 hp.
operation assignments are generated as explained in
Step 7. An example perturbation set is given for the operation (11, 6) of Tool-6 in Table 5 , where the cases ~r = 2 and ~r = 3 correspond the use of alternative tools, Tool-1 and Tool-2, respectively, instead of the primary tool of Tool-6. For the allocation of Tool-6, the following 0-1 IP is solved to find the best combination of the possible The solution to the above problem is as follows: z71 = z~l = z°2 = 1 and A 6 = 0.78. This solution suggests to use Tool-5 for the manufacturing of Volume-7 instead of Tool-6, a reduction of a single Tool-6 in the processing of the Volume-11, and it leaves the original solution for the Volume-12 without any reduction in the usage of Tool-6. For the Tool-3, the same IP model has been solved with the new parameters. The possible perturbations were generated after allocating Tool-6 and updating the related sets and tool availabilities. The resulting final tool allocations with the corresponding machining conditions are tabulated in Table 6 . The final tool allocation is also represented by_the following sets: i3={1,2,4,5,6,9}, I4={8}, 15={3,7, 10}, I6 = {11, 12} and J={3, 4, 5, 6}. As a summary, the initial solution of SMOP was inferior to the proposed cost measure for the multiple operation case as indicated in both Table 4 and Fig. 2 , and it was also infeasible due to tool availability constraint resulting from the tool contention among the operations for a In order to measure the effectiveness of the proposed heuristic method for various size of problems, we have generated two additional examples with 9 and 15 machinable volumes. In the first case, volumes 1-2, 5-6 and 8-9 are combined into three machinable volumes. For the second case, volumes 2, 4 and 6 are further divided into two resulting in 15 volumes. Obviously, each change will create a different solution space for the original problem. We then calculate the total cost values of proposed heuristic method, lower bound and optimal solution found by using LINDO along with the percent deviations from the optimal solution as summarized in Table 7 . Furthermore, the required computation times for optimally solving SMOP for every operation-tool pair, lower bound calculations and the exact approach are reported in Table 8 for the same example problems.
Conclusions
In this paper, a new solution methodology for the multiple operation case has been developed to solve the tool allocation and machining conditions selection problems simultaneously to find the minimum production cost. For this purpose, the classical SMOP formulation has been extended by adding a new tool life constraint, which enabled us to include tooling issues like tool wear and tool availability. Furthermore, a new cost measure was proposed that has been particularly devised to identify possible tradeoffs among these conflicting decisions of tooling and machining conditions selection, and to link operational level decisions to the system level. By using this cost measure, the heuristic method has enabled to consider alternative candidate tools of every operation and to exploit the interaction between the number of tools required with the machining, tool replacing and loading times, and tool waste cost in conjunction with the optimum machining conditions. Consequently, the proposed method can prevent any infeasibility that may occur for the tool allocation problem at the system level due to tool contention and tool life restrictions through a feedback mechanism. In this respect, this study can be considered as a part of the fully automated process planning system. piYij <-p;jV;j for n',j < %.
Proof. To prove this theorem, the following properties of the convex functions will be devised: PijUij <__ P'ijU/j for r/ij < nij.
Consequently, the proposed cost measure is also a convex function over the integer values of nlj due to Property 2.
